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Abstract—We propose a characterization and modeling
methodology for Random Telegraph Noise (RTN) induced ΔVth
variation based on gate delay variation measurement. We char-
acterize the total amount of ΔVth and model its scaling effect. A
topology-reconfigurable ring oscillator (RO) is used to obtain gate
delay variations between inverter stages. The devices under test
are operated at near- or sub-threshold region to characterize RTN
at low supply voltage. Measurement and characterization results
from a 65 nm test chip show that lognormal distribution based
modeling represents RTN-induced ΔVth variability precisely.
We extract the model parameters and evaluate the gate size
dependency of these parameters. It is found that μl of the
lognormal distribution, lnN (μl, σ2l ), does not have specific gate
size dependency. Whereas, σ shows a W−a dependency to gate
size rather than the commonly assumed W−1 dependency, where
a is evaluated to be less than 0.5. The proposed comprehensive
statistical model and its parameter dependency is suitable for
performance analysis of circuits where transistors of different
gate sizes are used.

I. INTRODUCTION

As the scaling of transistor dimensions continues, variabil-
ity between the transistors poses more challenge on designing
reliable computing systems. With the emergence of IoT (Inter-
net of Things), the need for energy-efficient computing is more
demanding now. Supply voltage lowering is the most effective
way to increase energy efficiency, but the effect of variability
also becomes severe as the circuit performance is now more
sensitive to variation. With transistor scaling, variability such
as process variation and random telegraph noise (RTN) are
reported to increase [1, 2]. In order to deal with variability,
the variability needs to be accurately expressed by suitable
statistical distributions, and the parameters of the distribution
need to model the scaling effects such as gate size.

A common technique to deal with process variation is to
up-size the devices. However, up-sizing also increase energy
consumption, thus inaccurate statistical models or over pes-
simism can increase energy consumption by several magni-
tudes. The Pelgrom model [3], which relates the amount of
random process variability to channel area, helps designers to
optimize their designs to avoid unnecessary over-sizing. RTN
induced Vth variation is also a statistical phenomena and have
a strong gate size dependency. Unlike process variation, RTN-
induced ΔVth distribution is reported to have long tails in
the distributions. Therefore, a suitable statistical model and its
parameter extraction are required to account for RTN-induced
ΔVth variability during the design phase.

There are previous reports of characterization and modeling
of RTN induced Vth variation [4–6]. The most common and ba-
sic approach is transistor I–V measurement approach. This ap-
proach uses gm to convert ΔID to ΔVth. However, I–V based

approach has the following limitations. Firstly, constant bias
is applied which is not representative of the actual switching
condition in a logic circuit. Although static I–V based model
was very useful for the random process variation, the dynamic
nature of RTN, however, requires the verification from in-
situ characterization under switching conditions. Secondly,
the literature reports often use gate bias much higher where
the transistor is in strong inversion. However, at low supply
voltage, the transistors operate at weak or moderate inversion.
At near-threshold operation, RTN induced ΔVth is reported to
increase [7], thus requires the modeling based on transistors
operating near Vth. Finally, statistics of the number of traps
and ΔVth due to each trap are the target of characterization.
Overall ΔVth that a transistor can counter during the operation
are calculated from a complex probabilistic computation. From
circuit designers’ perspectives, however, comprehensive mod-
eling of overall ΔVth due to RTN is required instead of single
trap based ΔVth modeling. Furthermore, confirmation from
measurement that whether total ΔVth estimation from single
trap ΔVth is valid or not. To overcome the above limitations,
this paper proposes an in-situ characterization and modeling
methodology of RTN for devices operating under switching
condition. Weak or moderate inversion region is targeted to
model RTN for low supply voltage operation.

In Sec. II, we describe our proposed statistical modeling
approach of ΔVth variation due to RTN. In Sec. III, we
describe a RTN characterization methodology from delay
variation measurement. Sec. IV demonstrates measurement and
characterization results. In Sec. V, we put our concluding
remarks.

II. STATISTICAL MODELING OF RTN

Static process variation of Vth is reported to follow normal
distribution, N (μn, σ

2
n) [1]. The scaling effect of static random

variation can be well expressed by the following Pelgrom
model [3].

σVth
=

AVth√
WL

, (1)

where, W is gate width and L is gate length. AVth
consists

of process parameters, and normally is considered constant
for same channel profiles. So, once AVth

is characterized for
a process, the circuit designers simply need to use Eq. (1)
to analyze the circuit performance variations. However, RTN
induced Vth variations are reported to have long tails in the
distribution and therefore normal distribution can not be used
to model these variations [4–7]. Literature reports suggest
two distributions to model RTN induced Vth variation. One
is the exponential distribution, Exp(σe), and the other is the
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TABLE I: Key characteristics of and symbols used for different
distributions.

Normal Lognormal Exponential

Parameters μn, σ2
n μl, σ

2
l σe

PDF 1
σn

√
2π

e
− (x−μn)2

2σ2
l 1

xσl
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2π
e
− (ln x−μl)2

2σ2
l 1

σe
e
− x
σe

CDF 1
2

[
1 + erf

(
x−μn
σn

√
2

)]
1
2

[
1 + erf

(
ln x−μl
σl

√
2

)]
1 − e

− x
σe

Mean μn eμl+σ
2
l /2 σe

Variance σ2
n (eσ

2
l − 1)e2μl+σ

2
l σ2

e

Sum of Normal Approx. lognormal Gamma
distribution at right tail

lognormal distribution, lnN (μl, σ
2
l ). 3-D CAD simulations and

device measurements are performed to investigate the scaling
effect into the above statistical model parameters [4–6]. Key
characteristics of the three distributions of normal, exponential
and lognormal are shown in Table I.

There are many reports in the literature on statistical
modeling of RTN and its scaling effects. Distribution of
single-trap induced ΔVth is reported to follow exponential
distribution [4, 5, 7]. Scaling effect of the model parameter of
the exponential distribution is reported to follow W−1L−0.5.
Multi-trap induced overall ΔVth fluctuation is believed to be
a superimpose of the amounts of each single-trap induced
ΔVth . Overall ΔVth is obtained by combining the statis-
tics of the number of traps with the statistics of single-trap
amplitudes, ΔVth, into one comprehensive statistical model
[6]. 95% percentile of overall ΔVt distribution is reported to
have W−1L−1.5 dependency [6]. However, it is still not clear
which distribution best expresses the overall ΔVth variation,
and how the model parameters relate to transistor parameters
of gate width for example. Next, at near-threshold operation
and under switching condition, the overall ΔVth distribution is
not yet characterized and modeled. In this paper, we perform
characterization and analysis of RTN-induced ΔVth variation
based on delay variation measurements, and extract model
parameters and its scaling effects. We perform a comparative
analysis of RTN induced ΔVth variation using both of the
exponential and lognormal distribution and show that log-
normal distribution represents RTN more precisely. Next, we
characterize and model gate size dependency into the model
parameters. We find that the scaling effect is much smaller
than those reported in the literature which will be discussed in
Sec. IV.

III. RTN CHARACTERIZATION METHODOLOGY

A. Characterization Methodology

In order to perform in-situ delay variation to model RTN
for logic circuits, an RO based approach is useful. However,
characterization of RTN-induced ΔVth distribution from con-
ventional RO based delay measurement is difficult because
delay variations of multiple inverter stages are averaged out.
Conventional RO based characterization is useful when the
underline distribution is known. However, when investigating
the best distribution that represent ΔVth distribution due to
RTN, the above approach faces several limitations and direct
visibility into the gate-level distribution is required. In order to
overcome this problem, we use a topology-reconfigurable RO
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Fig. 1: Topology-reconfigurable ROs for gate delay variation
measurement implemented in a 65-nm test chip. ROs with
three different gate sizes of 120 nm, 240 nm and 360 nm
are implemented for gate size dependency extraction.

TABLE II: Gate sizes used for gate size dependency extraction.

RO Index nMOS pMOS
gate width [nm] gate width [nm]

#0 120 120

#1 240 360

#2 360 240

[8]. The topology-reconfigurable RO enables gate-level delay
evaluation. In the topology-reconfigurable RO, each inverter
delay is configured to have multiple times higher sensitivity
than the other stages. The higher sensitivity is utilized to
extract variation for each inverter stage. Furthermore, making
the inverter delay sensitive to only nMOSFET or pMOSFET
provides independent nMOSFET and pMOSFET characteriza-
tion.

Fig. 1 shows our test chip which comprises four modules
with each consisting of three topology reconfigurable ROs.
Three different gate sizes are implemented for gate size depen-
dency characterization. The gate sizes are shown in Table II.
Each RO is 127 staged. First stage is an NAND gate to turn
ON and OFF the oscillation, and the last stage is used as
buffer. From a single RO, 125 samples for nMOSFET and
125 measurement samples for pMOSFET are measured by
reconfiguring the topology of each stage. Six control signals
are used to reconfigure the topology to achieve the following
delay characteristics.

1) Equal rise/fall delay as shown in Fig. 1(a),
2) larger fall delay sensitive to nMOS as shown in
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Fig. 1(b), and
3) larger rise delay sensitive to pMOS as shown in

Fig. 1(c).

B. Delay Variation Characterization

The delay variation between inverter stages are obtained by
the following way. The RO period when the jth inverter have
higher fall or rise delay sensitivity is expressed as follows.

= Dj
0 + dj . (2)

Here, dj is the inverter fall or rise delay for the jth stage, and
N is the number of stages. Dj

0 is the delay contribution from
all the inverter delays except the jth stage fall delay. Thus, the
delay of the target jth stage is obtained as follows.

dj = Dj −Dj
0. (3)

Although we can only measure Dj with our circuit, for a
sufficiently large number of stages, Dj

0 can be approximated
with D0 which is the delay when all the inverter stages are
configured as in Fig. 1(d). If D0 does not show any fluctuation
due to RTN, that is does not show any binary fluctuation, then
the delay fluctuation observed in ΔDj can be attributed to dj

fluctuation. As a result, Δdj is evaluated by measuring ΔDj .

Δdj ≈ ΔDj . (4)

In summary, (Dj −D0) gives the static process variation for
the jth stage, and ΔDj over time gives the RTN induced
fluctuation for the same jth stage.

C. Delay Model

The gate delay of nMOSFET- or pMOSFET-sensitive in-
verter topology is contributed by two transistors. Thus, the
delay fluctuation ΔD can be expressed by the sensitivity
coefficients as follows.

ΔD = k1ΔVth1 + k2ΔVth2. (5)

In our circuit topology, α = k2/k1 is a constant which
depends on the technology parameters of body-effect and
DIBL coefficients [9]. Thus, ΔVth variation can be evaluated
by the following equation.

ΔD

k1
= ΔVth1 + αΔVth2. (6)

D. ΔVth Characterization

Delay variation,ΔD, is converted toΔVth using sensitivity
coefficient, k1.

k1 =

(
∂dj

∂Vth

)
dj=djmeas

=

(
∂ΔDj

∂Vth

)
ΔDj=ΔDj

meas

. (7)

Here, djmeas is inverter delay obtained using Eq. (3). The
sensitivity value is calculated by transistor-level simulation
using the foundry provided transistor model. At near- and
sub-threshold operation, as inverter delay is non-linear to Vth

variation, the sensitivity is not constant. Thus, sensitivity value
at the actual Vth value in silicon need to be estimated. Thanks
to our reconfigurable circuit topology, the Vth value for each
inverter stage can be referred from the delay value which is
shown in Fig. 2. From the delay model of Eq. (5), Δd/k1 does

0 50-50
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djmeas

dj

Vth [mV]

Vth,meas

k1

Simulation

Fig. 2: Sensitivity coefficient calculation by model-hardware
correlation.
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Fig. 3: Several samples of observed RTN-induced delay fluc-
tuations for different pMOS-sensitive inverters.

not give the ΔVth in a single MOSFET, rather the total ΔVth

contribution from the two MOSFETs. Single MOSFET ΔVth

can be decomposed assuming a statistical distribution model
such as the lognormal distribution. Using Fenton’s method
[10], μl,ΔVth

and σ2
l,ΔVth

are computed from Eq. (6) with the
following equations.

σ2
l,ΔVth

= ln

⎡
⎣ (1 + α)2 exp(σ2

ΔD
k1

)− 2α
1 + α2

⎤
⎦ , (8)

μl,ΔVth
= μΔD

k1

− σ2
ΔVth

2
− ln(1 + α) +

σ2
ΔD
k1

2
. (9)

IV. MEASUREMENT AND ANALYSES

A. Measurement

In order to evaluate inverter delay operating at near- or sub-
threshold region, supply voltage of 0.8 V is used. Because of
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Fig. 5: Probability plot for normal distribution of pMOSFET
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the Vth drop across the pass-gate transistor, the gate overdrive
for the pull-up or pull-down transistor in inhomogeneous stage
is around transistor Vth. In other words, for each inhomo-
geneous configuration, only the devices under test operate
near Vth and all the other devices operate above Vth. Four
ROs are measured for both of the nMOSFET and pMOSFET
Vth characterizations. As a result, a total of 125 × 4 = 500
measurement samples are obtained for each gate width. For
each RO, oscillation frequency is measured over 35 s with an
integration time of 1 ms.

Fig. 3 shows measurement samples of oscillation period
observed over time for six different inhomogeneous configura-
tions. The measurement results correspond to pMOSFET RTN-
induced ΔVth. Discrete fluctuations in the oscillation periods
are observed which confirms the characteristics of RTN. We
can observe RTN of various amplitudes, time constants and
multiple traps. Here we focus on the total amount of delay
fluctuation that can occur during the circuit operation. Thus,
the following definition of delay fluctuation is used to evaluate
overall ΔVth.

ΔD = Dmax −Dmin = 1/Fmin − 1/Fmax. (10)

B. Distribution Fitting

Fig. 4 shows a probability plot for normal distribution of
the observed gate-delay fluctuation for three different channel
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Fig. 6: Probability plot for exponential distribution of pMOS-
FET ΔD/k1.
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Fig. 7: Probability plot for lognormal distribution of pMOS-
FET ΔD/k1.

sizes using pMOSFET-sensitive inhomogeneous topology. As
expected, long tails are observed in all the three distributions.
Next, the delay distribution is converted to ΔD/k1 distribu-
tion. ΔD/k1 distributions for three different gate widths are
shown in Fig. 5. The figure confirms that long tails exist at
ΔVth level distributions, as ΔD/k1 represents sum of two
ΔVth distributions as shown in Eq. (6).

Next, we plot the measured ΔD/k1 distributions for
exponential and lognormal distributions to examine which
distribution represents RTN inducedΔVth variation best. Fig. 6
shows the probability plot for exponential distribution, whereas
Fig. 7 shows the probability plot for lognormal distribution.
From the figures, we observe that both the exponential and the
lognormal distributions represent the measured data quite well.
In order to further examine which of the distributions is better
to represent the data, cumulative probability function plot is
shown in Fig. 8. Lognormal distribution fits the empirical CDF
of measured data better. Thus, we conclude that lognormal
distribution suits better at modeling the overall ΔVth variation
due to RTN.
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Fig. 9: Gate size dependency of σe and σl parameters of
ΔD/k1 for exponential and lognormal distributions.

C. Modeling of Gate Size Dependency

Next, gate size dependency of ΔD/k1 are evaluated.
Fig. 9(a) shows the extracted σe with an error bar showing the
bounds of a 95% confidence interval for exponential distribu-
tion. The exponential distributions are obtained by fitting σe to
the measured ΔD/k1 data. The figure also shows two fitted
curves. One uses a W−1 model and the other uses a W−a

model. W−a model fits the gate size dependency well, and
surprisingly the value of a is only 0.26 which is much smaller
than the commonly assumed value of 1. Fig. 9(b) shows the
fitted σl of lognormal distributions against the gate sizes. W−a

model fits the gate size dependency best and the value of a is
0.44.

AssumingΔVth distribution due to RTN follows lognormal
distribution, we calculated the μl,Vth

and σl,Vth
using Eq. (8)

and (9). Extracted μl,Vth
and σl,Vth

values are shown in
Figs. 10(a) and 10(b). μl,Vth

shows no clear dependency on
transistor channel size but remain almost same. However, σl,Vth

shows monotonous decrease with the increase of channel area.
Gate size dependency of σl,Vth

is then extracted by fitting to
W−a model. It is found that σl,Vth

is proportional to 1/W 0.41

rather than 1/W . From the results, it is confirmed first that
lognormal distribution is suitable for modeling RTN. Second,
the gate size dependency of the overall ΔVth have different
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Fig. 10: Gate size dependency of μl and σl parameters of ΔVth

distribution for lognormal distribution.

TABLE III: Extracted model parameters for RTN-induced
ΔVth distribution of different transistor sizes.

pMOS nMOS

120 nm 240 nm 360 nm 360 nm

μΔD
k1

2.1 1.9 2.0 1.4

σΔD
k1

0.57 0.43 0.35 0.38

μΔVth
1.1 0.96 1.0 0.51

σΔVth
0.75 0.57 0.47 0.51

scaling effects than those reported in the literature. Table III
summarizes the extracted parameters for fitted lognormal dis-
tributions of ΔVth variations for different gate width.

Next, ΔVth distributions for nMOSFET and pMOSFET
with the same gate size are compared. Fig. 11 shows the
probability plot for exponential distribution of ΔD/k1 for
nMOS and pMOS transistors with gate width of 360 nm.
Fig. 12 shows the probability plot for lognormal distribution
of ΔD/k1 for nMOS and pMOS transistors with gate width
of 360 nm. As with the case for different gate sizes, ΔVth

distributions for nMOSFET and pMOSFET are well repre-
sented by both the exponential and lognormal distributions.
When exponential distribution is used, σe values differ largely.
However, σl of lognormal distribution shows similar values
between them and μl differs.

Finally, Fig. 13 shows the projection of ΔVth distribution
based on the extracted model parameters for evaluation of
worst-case ΔVth against device sizing. Gate size of 120 nm
shows 60 mV and 128 mV of ΔVth at 4σ and 5σ levels. So, if
the RTN follows lognormal distribution up to 4σ level, special
care needs to be taken for designing reliable systems operating
at near- or sub-threshold region.

V. CONCLUSION

We have presented a characterization methodology of size
dependency on overall threshold voltage fluctuation due to
RTN for statistical modeling. Our methodology utilizes a
topology-reconfigurable ring oscillator for in-situ RTN mea-
surement under switching condition. From the measurement
results with a 65-nm test chip, it is observed that lognormal
distribution represents ΔVth variation due to RTN better than
the exponential distribution. Size dependency of μl and σl of
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lognormal distribution for pMOS transistor are extracted. It is
found that μl does not have any size dependency but σl has a
W−a relationship to the gate size rather than the commonly
assumed W−1 relationship. The value of a was evaluated to be
less than 0.5. The characterization of gate size dependency on
overall ΔVth distribution is helpful in establishing compact
statistical model for analysis of circuits where various gate
sizes are used.
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